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Bifurcation Analysis of a Highly Augmented Aircraft Model
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Bifurcation theory is used to analyze the dynamics of a modern high-performance aircraft. An F-16 � ghter
aircraft model, which includes a full-authority control system, is considered. The vehicle is a basically unstable
con� guration, and its response modes are tailored by the � ight control system according to different mission tasks.
The steady states of the F-16 are computed by a numerical continuation method. The classical application of this
technique to trace the steady states of the system as continuous functions of control de� ections or control force is to
be reconsidered when the use of maneuver demand control in highly augmented aircraft provides zero stick force
for most of the trimmed � ight conditions of the vehicle. The practical worth of bifurcation theory for the design
and analysis of high-performance aircraft is evaluated. Such aspects of the problem as the selection of meaningful
parameters for the continuation procedure and the interpretation of the bifurcation diagrams are discussed for
the different modes of operation of the � ight control system. The behavior of the aircraft model at high angle of
attack is predicted when the alpha limiter is disengaged to simulate the effects of possible failure conditions.

Nomenclature
an = normal load factor
ay = lateral load factor
kbkP = maxn

i D 1jbi j
kbkT = jb1j C jb2j C ¢ ¢ ¢ C jbnj
Nc = mean aerodynamic chord
Flat = lateral stick force
Flong = longitudinal stick force
Fped = pedal force
gcom = incremental load factor
He = engine angular momentum
h = altitude
M = Mach number
Pe = power level
p, q, r = roll, pitch, and yaw velocity, respectively
u = control vector
V = � ight speed
x = state vector
a = angle of attack
b = sideslip angle
c = � ight-path angle
d A = aileron angle
d D = differential stabilator angle
d E = symmetric stabilator angle
d El , d Er = left and right stabilator angle, respectively
d R = rudder angle
d T = commanded thrust level
v , h , w = Euler angles
\ = turn rate

I. Introduction

I N the last 15 years, dynamical system theory (DST)1 has pro-
vided a powerful tool for the analysis of nonlinear phenomena

in aircraft behavior. In the applications of DST, numerical contin-
uation methods2 and bifurcation theory1 have been used to study
roll-coupling instabilities and stall/spin phenomena of a number of
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aircraft models, including F-4, Alpha Jet, F-14, and F-15 � ghters.
Results of great interest have been reported in severalpapers, and in
the recent study by Jahnke and Culick,3 the theoretical background
of this technique is recalled and a rather complete review of the
relevant investigations in the � eld is presented.

Since the � rst application of DST to the nonlinear stability of
aircraft in the work by Carrol and Mehra,4 which was focused on
the underlying principles of bifurcation analysis and was intended
to demonstrate the great value of this methodology in providing
qualitativeinformationon high-a phenomena,most of the studies in
the literature have dealt with basic airframe models where stability
and/or control augmentation systems (SCAS or CAS) are absent.
This approach,when staticallystable aircraft are considered,allows
for the dynamicsof the unaugmentedmodel to be characterizedand,
as a possible further step, the effect of simple CAS schemes on the
baseline motions to be analyzed.

To the authors’ knowledge, in only one case were control aug-
mentationandcontroldynamics,includingpitch,roll, andyawCAS,
added to a basic F-15 model5 to carry out a more realistic and com-
plete investigation of the aircraft behavior at high incidence. Con-
tinuation diagrams in terms of longitudinal and lateral stick forces
and rudder pedal force showed that the qualitative structure of the
steady states was hardly modi� ed by the CAS, whereas noticeable
effects on motion amplitudes were evident.

In the last two decades, multiple redundant, full authority, fail/
operational, � y-by-wire control systems have been brought to a
very mature state. As a result, many aircraft, from earlier designs
such as the F-16, F-18, and Tornado through the more recent Mi-
rage 2000, European Fighter Aircraft (EFA), Rafale, and advanced
demonstrators such as X-29 and X-31, are highly augmented, ac-
tively controlled vehicles that possess a negative or marginal static
stabilitywithout augmentation,for reasons related to improved per-
formances,weight/cost reduction,and/or low observability.6 Highly
augmented and/or superaugmented aircraft present dynamic char-
acteristics that are markedly different, in the qualitative nature of
the steady states, as compared to the basic airframes alone.

In this paper, the dynamics of a relaxed stability aircraft is ana-
lyzed by DST. The principal objective of the study is to assess the
practical worth of this technique in situations where the dynamics
of the vehicle are tailored by the full-authority control system ac-
cording to different mission tasks. We also remark that the use of
maneuver demand control in high-performance aircraft somehow
limits the capability of DST to provide global stability information
inasmuch as transient motions cannot be predicted or quanti� ed by
bifurcation theory.4
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When reference is made to the reported applications of DST,3¡5

certain additional problems are faced, the solutions of which are
as straightforward as, for instance, the modeling of the SCAS with
the related high number of additional states and the handling of the
so-called breakpointnonlinearities coming from control system el-
ements such as gain schedules, limiters, and deadbands,which gen-
erate discontinuousderivatives.On the other hand, some aspects of
the procedure of analysis are of great interest when, for instance,
we note that a neutral stick force gradient with speed is inherently
provided, depending on the SCAS mode of operation. As a conse-
quence, aspects of the problem such as the selection of meaningful
parameters for the continuation analysis and the interpretation of
the results corresponding to the different SCAS modes are worth a
careful and detailed evaluation.

Then, such circumstances are brought into consideration when
one of the SCAS subsystems is not active. This kind of approach
may simulate the effects of possible failure conditions or can be
used to analyze equilibriumstates that are not allowed by the SCAS
in normal operations.For instance,once an existing alpha limiter is
disengaged, a prediction of the vehicle dynamics at high incidence
is accomplished that can eventually lead to an improvement of the
performance in maneuvering � ight.

In our application, we consider the low-speed model of the F-16
single-seat, single-engine � ghter aircraft,7 which includes a full
authority, � y-by-wire � ight control system featuring a sidestick
controller and a high-gain aerodynamic a – d E feedback to counter
the slight instability in pitch of the basic airframe.8 Although the
modeled SCAS is relatively dated, it incorporates several elements
featured by the actual � ight control systems of highly augmented
aircraft and appears realistic enough and not too complex for the
purposes of the present study.

The theoretical background of this study is reported in Sec. II,
where the principal features of the aircraft model, including the
SCAS, are providedand the relevant aspects of the bifurcationanal-
ysis are recalled.In Sec. III, signi� cant bifurcationdiagrams related
to the different SCAS modes of operation are presented and dis-
cussed. A section of conclusions ends the paper.

II. Analysis
The full, nonlinearset of motion equationsfor the rigid aircraft is

written in body axes FB in terms of the velocity components u, v,
and w, angular rates p, q , and r , and Euler angles v , h , and w ,
as in Ref. 7. The model accounts for the gyroscopic effects of the
single engine through a constant angular momentum He along the
longitudinalaxis. The engine dynamics and response to the throttle
d T are simulated by a � rst-order lag, which depends on the power
level Pe . For Pe ¸ 0.5Pemax , to which d T ¸ 0.77 corresponds,
the afterburner is on. The F-16 model includes second-order lag
dynamics for a full-span leading-edge � ap. As a consequence of
the yaw angle being an uncoupledvariable, the basic, unaugmented
model is an 11th-order system.

Control System Model
The principal features of the aircraft SCAS, the details of which

are reportedin Refs. 7–9, are recalledin this subsection.A schematic
of the control system model is shown in Fig. 1. The primary aero-
dynamic control system has symmetric stabilatorsfor pitch control,
wing-mounted� aperons and differentialstabilators for roll control,
and a conventional rudder for yaw control. The leading-edge � ap
de� ection is scheduled as a function of angle of attack and Mach
number.Force-sensingsidestickcontrollerand force-sensingrudder
pedals are modeled.

The longitudinal SCAS can operate in a g-response, pitch con-
trol mode for gross maneuvering capability and in an a -response
mode for accurate path tracking. A third, q command, mode of
operation has been implemented in the model to account for the
properties of a reference, simple superaugmentation system10 in
the original F-16 model. As shown in Fig. 2, the pitch rate com-
mand mode was realized, as proposed in Ref. 9, by eliminating
the feedback signal of normal accelerationwhile maintaining the a
feedback for enhanced stability. Additionally, the washout � lter in
the pitch rate channel was maintained to avoid degradation in the

Fig. 1 F-16 control system logic:F, simple lag � lter; W, wash-out � lter;
A, actuator dynamics; and K, scheduled gain.

Fig. 2 Longitudinal control system logic for the q-command mode of
operation.

a -limiter performance, and a stabilator compensation in steady
turns, proportional to r tan v , was allowed.10

A forward-loopintegrationis used to make the steady-statelongi-
tudinal response match the commanded input. Angle-of-attack and
normal-accelerationlimiting systems are providedby the longitudi-
nal control system. The former system uses both a and q feedback
loops to keep the angle of attack within the limit of 25 deg.

The lateral-directional control system includes a roll-rate aug-
mentationsystem, a lateral acceleration-to-rudder feedbackfor aug-
mented directional stability, a stability axis yaw-damper, and an
aileron/rudder interconnect (ARI) to control the amount of cou-
pling between the roll and yaw axes. An automatic departure/spin-
preventionsystem (ASPS) is activated for a > 29 deg to opposeany
yaw-rate buildup using yaw-rate feedback on yaw and roll control
surfaces. The complete model of the augmented aircraft is written
in state-space form as

Px D f (x, u) (1)

where the state and control vectors are, respectively, x 2 R33 and
u D (Flong , Flat , Fped, d T )T 2 R4 .

Aerodynamic Model
The aerodynamic model uses wind-tunnel data from low-speed

(M · 0.6) static and dynamic tests conductedwith subscalemodels
of the F-16. In Ref. 7, static data are available in tabular form over
the range ¡20 · a · 90 deg and ¡30 · b · 30 deg, whereas
dynamic data are provided for the same range of a .

The tabulated data are here expressed in the form of analytical
functions,having a continuous� rst derivative, by cubic and bicubic
interpolation11 when the number of independent variables is one
( a ) or two ( a , b ), respectively.Terms dependingon three variables,
namely, ( a , b , d E ), are obtained by least-square polynomial � t and
bicubic interpolationin terms of d E and ( a , b ), respectively.The de-
scribedprocedureled to a goodaccuracyin � tting the rathercomplex
structures of the aerodynamic data, and, in particular, unwanted ef-
fects such as localcurvaturesintroducedby the data smoothingwere
not observed.As a limitation, rotary balancedata were not available
in the F-16 aerodynamic model.
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Bifurcation Analysis
It is our objective to discuss the particular aspects involved when

DST is used to characterize the nonlinear dynamics of highly aug-
mented aircraft. In short, bifurcation theory1 requires the equilib-
rium pointsof the governingequationsof the system to be evaluated
and the stability of these states to be investigated.Here, a numerical
continuation algorithm2 is used for determining � xed points of the
system (1), i.e., the solutions to the algebraic set

f (xe , u) D 0 (2)

as the control variables, namely, the continuationor bifurcationpa-
rameters, are varied. In Eq. (2), the subscripte means at equilibrium.
Once a solution Qxe to Eq. (2) has been determined for a given value
Qu of the controlvector, the continuationalgorithmallows one to cal-
culate a new steady state for a perturbed value of the continuation
variable. The procedure is divided into two steps because 1) a � rst
estimate of the new equilibriumpoint is evaluatedby a linear expan-
sion of Eq. (2) in the neighborhoodof the so-calledstarting solution
Qxe and 2) a Newton–Raphson algorithmis run until the convergence
criteria

d u(n)
j

1 C u (n)
j

< 10¡4 ,
d x(n)

P

1 C x(n)
P

< 10¡4 (3)

are satis� ed, where d u (n)
j and d x(n) are, respectively, the variation

of continuationparameter and state vector at the nth iteration. This
procedure is then iterated to trace a branch of steady states as a
function of u j .

After as many solution branches as possible have been calcu-
lated, i.e., the structure of equilibria for the considered model has
been mapped, a local stability analysis is carried out by evaluating
the eigenvaluesof the system linearizedabout the steady states. The
eigenvalues are computed using the module EIGRF of the Interna-
tional Mathematical and Statistical Libraries,12 where the accuracy
is expressed as

kAv j ¡ k j v j kT

N kAkT kv j kT
< 10¡6

where k j and v j are the j th eigenvalueand eigenvector,respectively,
and N is the dimension of the Jacobian matrix A.

Bifurcation points are identi� ed along the branch using a secant
method,2 where the convergencecriteria (3) are adopted.As a result,
the location and nature of bifurcation points is determined in the
bifurcationdiagrams, where the states at equilibrium are plotted vs
the continuationparameter. In this way a global, qualitativeanalysis
of the aircraft behavior is realized.

At this point some general observations concerning the present
application of DST are of interest. In the classic application of the
continuation method to a basic airframe model, all of the control
variables but one are � xed and the steady states are traced as a
function of this variable. Then, the � xed points related to a given
value of that parameter are used as startingpoints for computing the
branches of equilibria when a different control parameter is varied.
For instance, the unaugmented model of the F-16 has eight � xed
points for d E D d A D d R D 0, d T D 0.12 to which four branches
of steady states, evaluated having d A as the continuationparameter,
correspond.

In highly augmented aircraft, variables associated with maneu-
vering states such as, for instance, q or the normal acceleration an ,
are directly commanded. Because of the proportional plus integral
feedforward,theCAS provideszero trackingerror for constant input
and, consequently,most of the equilibriumconditionsof the vehicle
are realized at zero control force, i.e., zero value of the command
parameter.When maneuver demand control is used, a nonzero stick
force causes the aircraft to depart fromequilibriumand determinesa
continuousvariationof its state. It is only by releasing the stick that
a new steady state is acquired. Because the continuation technique
provides insight into steady-statebehavior, the relationbetween the
state of the aircraft and input command may not be revealed by
this methodology. In the F-16 model, this occurs in the g-command
mode because it is an D nz ¡ 1 ¼ 0 in level � ight and trimming,

i.e., a nonzero Flong , is not required at any � ight speed. In the q-
command mode, the controlled variable is q ¡ r tan v and no stick
force is applied either for different � ight speeds or for climbing,
diving, inverted � ight, and steady turns. In the latter situation, the
condition Ph D q cos v ¡ r sin v D 0 implies that tan v D q / r .
It is only in the a -response mode that trimming is required in all
variations of speed and � ight-path angle.

Therefore, in g-command and q-command modes, most of the
steady states are for the same value of the longitudinalcontinuation
parameter, i.e., Flong equal to zero or to the limit value of the com-
mand deadband.Accordingto the general techniquerecalledearlier,
this would lead to an in� nite number of branches when the equilib-
riumpointsare tracedas a functionof Flat or Fped . In fact,becausethe
local,one-to-onecorrespondencebetween the states and thevalueof
the bifurcationparameteralong the longitudinalequilibriumbranch
is no longer retained, we cannot expect that the complete structure
of steady states is revealed by the bifurcation diagrams.

Here,we focuson thequalitativeanalysisof theSCAS behaviorin
signi� cant operating conditions.To this end, a number of reference
� ight conditions were determined, having selected the � ight speed
V , path angle c , and, in case of steady turning � ight, the turn rate
\ . Once the aircraft and SCAS states, the aerodynamic and thrust
controls,and the stick and pedalforcesat equilibriumare calculated,
a starting solutionis availablefor the applicationof the continuation
algorithm. Bifurcation diagrams were traced at different values of
the applied thrust d T , and we observed that the qualitativebehavior
of the system was marginally affected by d T . As a consequence,
the bifurcation analysis discussed in the next section is carried out
with Flong or Flat as the bifurcation parameters, using one of the
following two steady states as starting points: 1) level, symmetric
� ight with V D 100 m s¡1 and d T D 0.12 and 2) level turning
� ight with V D 200 m s¡1 , \ D 8.7£ 10¡2 rad s¡1 , and d T D 0.28.
Continuationwith respectto d T is used in only onecase to investigate
a possiblemaneuver to recover fromdeep stall.Finally, steady states
computed as a functionof Fped are not presentedbecause,due to the
ARI, turning � ight is commanded by lateral stick inputs, and rudder
commands are mainly used for steady sideslip and nose pointing
motions, where uncommanded roll rates are prevented by the roll-
rate augmentation system.

III. Results
In what follows the steady states of the F-16 model are studied.

The altitude is h D 0 in all of the considered cases.
The � rst results, shown in Fig. 3, are for thebasic airframe,unaug-

mented model, where the aft c.g. position at 0.35 Nc produces, as

Fig. 3 Steady states of the basic, SCAS-off model vs ±E ; ±A = ±R = 0; ±T
= 0:12: ——, stable and - - - -, unstable; ² , Hopf bifurcation.
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we said, a mild longitudinal instability at subsonic speed. Figure 3
shows the continuationdiagramsof speed V , angleof attack a , pitch
rate q, yaw rate r , pitch angle h , and roll angle v vs the stabilator
angle, for d A D d R D 0. As expected, several unstable segments lie
on the branch of symmetrical equilibria due to the negative static
margin of the aircraft. It is apparent that small de� ections of the
stabilator are required for trimming the aircraft, inasmuch as the
reduced level of trim drag associated with this characteristic is one
of the reasons that led to the choice of � ying an unstableaircraft.8 A
second stable branch is visible in the a – d E plot for a ¸ 58 deg and
represents the deep-stallsteady states that are realizedwhen, at high
incidence, the aircraft has static stability and the nose-down stabila-
tor effectivenessis lost. Inadvertentexcursionsto this range of a are
inhibited by the a /an limiting system of the augmentedaircraft.The
lateral steady states are all unstable as the aircraft has good lateral-
directionalcharacteristicsand, in particular,directionaldivergences
are not to be expected in the full range of angle of attack.7

Then, we turn to the complete model with SCAS engaged. Fig-
ure 4 shows the bifurcation diagrams of the same states as just
described vs the longitudinal control force Flong , in a -command
mode, for Flat D Fped D 0. The sideslip angle was very small in all
of the continuationsdue to the actions of both the ARI and the yaw
damper and is not reported in the � gures. As a � rst general com-
ment, note that thismodeof operationproducesa ratherconventional
steady-state response of the aircraft with a nonzero, positive force
stability dFlong / dV until the longitudinal command is saturated at
a D 23 deg.

Also, comparison to Fig. 3 shows that, for the considered air-
craft model featuring high augmentation, the steady states present
a completely different structure when the SCAS is active. The rel-
evant effect of the SCAS is further revealed by Fig. 5, where the

Fig. 4 Steady states vs Flong, ®-command mode; Flat = Fped = 0, ±T =
0:12: ——, stable and - - - -, unstable; , pitchfork bifurcation.

a) SCAS-on in a -command mode b) Basic airframe

Fig. 5 Steady state ® vs ±E; Flat = Fped = 0; ±T = 0:12: ——, stable and
- - - -, unstable; , pitchfork bifurcation and ² , Hopf bifurcation.

values of a and d E at equilibrium with SCAS-on (Fig. 5a) and the
steady states of a vs d E for the basic airframe model (Fig. 5b) are
shown. The two branches of symmetrical equilibria in Fig. 5a are
stable, whereas the instability observable for 7.9 · a · 11.8 deg is
due to a mild directionaldivergencethat drives the aircraft state into
one of the two nonsymmetrical, stable equilibrium branches bifur-
cating from the longitudinal one ( v – Flong plot in Fig. 4). Constant
values of either a and d E (marked by the symbols 4 and r ), due
to the a limiter providing full nose-down inputs on the stabilator at
a ¸ 25 deg, replace the two branches of deep stall at 40 < a < 46
and 58 < a < 63 deg, respectively, shown in Fig. 5b. Finally, as
a further effect of the a limiter and the ASPS, the nonsymmetrical
equilibria of the basic airframe at a > 32 deg are now absent.

The phugoidappears slightlydamped in the a -command mode,13

the pertinent eigenvalue k D ¡0.001 § 0.13i s¡1 . As mentioned,
commanded � ight conditions at angles of attack higher than 25 deg
are not allowed by the a limiter. However, equilibria on the deep
stall branch at a D 58 deg could be physically realized due to an
external disturbance bringing the angle of attack at values higher
than 50 deg. In this respect, the response to a step vertical gust
of 25 m s¡1 when � ying at an equilibrium, Ve D 60 m s¡1 and
a e D 24 deg, was simulated and, even at such a low � ight speed, the
a limiter appeared to prevent the aircraft from entering a deep stall.

Figure 6 shows the steady states of the F-16 vs the lateral control
force Flat for Flong D 22 N and Fped D 0 N. The startingpoint for the
continuationis a stable equilibriumat Ve D 100 m s¡1 and a e D 6.8
deg,on the branchof symmetricalstable steadystatesofFig. 4. In the
absenceof any other controlaction but Flat , a roll velocity p is com-
mandedby the roll CAS, and the equilibriaare forhelicalpaths at in-
creasingvelocity and nose-downattitude. Note, in all of the � gures,
the effect of the sidestick controller deadband. Figure 7 presents
pitch and roll angles at equilibriumvs Flat in the a -command mode

Fig. 6 Steady states vs Flat, ®-command mode; Flong = 22 N and Fped
= 0; ±T = 0:12: ——, stable and - - - -, unstable.

Fig. 7 Steady states vs Flat, ®-command mode; Flong = 50 N and Fped
= 0; ±T = 0.12: ——, stable and - - - -, unstable.
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for a different value of the longitudinal stick force, i.e., Flong D 50
N and Fped D 0. The initial point for the continuation is now in the
range of Flong where, as seen in Fig. 4, the symmetrical steady states
are unstable. The hysteresis cycle in the v – Flat plot determines a
jump from positive to negative values of the roll angle as jFlatj is
increased at values higher than 2.7 N. This phenomenon occurs at
very low values of the roll velocity when the CAS commands quite
small de� ections of the ailerons that drive the aircraft into one of
the two stable, nonsymmetrical equilibria at jFlatj < 2.7 N.

The steady states vs Flong and the longitudinal SCAS for the
g-command mode are shown in Figs. 8–10. In particular, Fig. 8
presents the steady states of V , a , h , and v as a function of Flong

for Flat D Fped D 0. As anticipated in the preceding section, in this
SCAS mode, trimming is necessary only in climbing, diving, turn-
ing, and inverted � ight. In steady symmetric � ight, the commanded
load factor is ane D cos h e and, consequently,the commandgradient
dFlong / dan is very small. We see that when we excludethe deadband
region and the saturation of the longitudinal command, the branch
of longitudinal equilibria is, in fact, vertical. The lateral equilibria
are all unstable.

The same instability is apparent for a segment of the longitudinal
branch, when the pitch angle is positive and until the command

Fig. 8 Steady states vs Flong, g-command mode; Flat = Fped = 0; ±T =
0:12: ——, stable and - - - -, unstable; , pitchfork bifurcation and ² ,
Hopf bifurcation.

Fig. 9 Longitudinal SCAS in g-command mode.

Fig. 10 Steady states vs Flong , g-command mode; Flat = ¡ 2:7 N, Fped
= 70 N, ±T = 0.28: ——, stable and - - - -, unstable.

saturates, and corresponds to an aperiodic divergence in pitch. This
behavior can be interpretedwith reference to Fig. 9, where a sketch
of the longitudinalg-command SCAS appears.When the aircraft is
in steady level � ight, i.e., a e D h e , ane D gcom C1, the SAS produces
a nose-downcommand, as expected, following an increaseof a due
to some perturbation.However, the CAS sees a positive error signal
in theg channelbecause,duringtheperturbedmotion, the loadfactor
was higher than the unperturbed, reference value. As a result, after
the proportionalplus integral feedforwardof the error, a pitch-down
command is demanded, which eventuallydrives the system back to
the equilibrium,at a negativepitch angle,when an D cos(¡ h e). This
divergence is very slow and is eliminated when a pitch autopilot,
not included in the present model, is active.

In Fig. 10, the steady states are continued as a function of Flong

for Flat D ¡2.7 N and Fped D 70 N. In this situation, the starting
point for the continuation algorithm, at Flong D 22 N, is the steady
turn with velocity V D 200 m s¡1 . We observe a branch of stable
equilibria, for ¡10 · Flong · 50 N, corresponding to turns at
decreasing radius as higher g are commanded. A second segment
of the same branch, for 40 · Flong · 180 N, is related to reduced
values of the roll angle as a increases. This behavior is due to the
gcom vs a scheduling in the SCAS when a reduction of the angle of
attack allows for a higher commanded acceleration.7

Figure 11 is for the SCAS in q-commandmode. The starting con-
dition for the continuation is the same steady turn as the preceding
case, with a different control force, i.e., Flong D 0. Also, we have
Flat D ¡2.7 N and Fped D 70 N. Signi� cant points on the branch
at a < 25 deg were numbered to improve the clarity of the plots.
In this mode all of the helical � ight equilibria are at the limit of the
deadband (points 1–5), due to the q ¡ r tan v feedback. The roll
angle is brought to zero when the angle of attack saturates (points
5–8), as was already observed in the g-command mode. The equi-
libria for 6 · a · 20 deg (points 3–5) are unstable as a result of
two couples of the Hopf bifurcations. Also unstable are equilibria
at very low values of angle of attack (points 1–2). In particular, this
very mild divergence is due to the washout in the r channel, the
positive eigenvalue being as low as k D 2 £ 10¡4 s¡1 .

Some results were then obtained by eliminating certain features
of the SCAS to investigate the behavior of the vehicle under SCAS
failure conditions or, more generally, to carry out a stability anal-
ysis of the augmented aircraft in an expanded � ight envelope. In
this respect, the a -limiter was disengaged and the angle of attack
at equilibrium, for the SCAS in the g-command mode, with Flong

as the continuation parameter and Flat D ¡2.7 N, Fped D 70 N,
shown in Fig. 12. The plot of a vs d E is also shown. Comparison to

Fig. 11 Steady states vs Flong, q-command mode; Flat = ¡ 2:7 N, Fped
= 70 N, ±T = 0.28: ——, stable and - - - -, unstable; ² , Hopf bifurcation.
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Fig. 12 Steady state ® vs Flong and ±E , g-command mode, ® limiter
disengaged; Flat = ¡ 2:7 N, Fped = 70 N, ±T = 0.28: ——, stable and - - - -,
unstable; ² , Hopf bifurcation.

Fig. 13 Steady states vs ±T , g-command mode, ® limiter disengaged;
Flong = Flat = Fped = 0: ——, stable and - - - -, unstable; , pitchfork
bifurcation and ² , Hopf bifurcation.

Fig. 14 Simulation of recovery from deep stall.

the a plot of Fig. 10 shows that, for Flong · 130 N, the branch of
equilibria in steady turns is not modi� ed, whereas the steady states
on the two branches at a > 45 deg can now be reached by either
external disturbances or pilot inputs. In particular, the saddle-node
bifurcation that occurs at Flong D 227 N, not present when the a
limiter is on, is responsible for the aircraft entering a deep stall. As
for the stable branch at a D 58 deg, we observe that the vehicle
remains in deep stall due to the negligible control power of the sta-
bilator at that incidence,7 although the a feedbackof the SAS is still
commanding full nose down, as shown in the a – d E plot of Fig. 12,
where the symbol r marks the constant value of a and d E along
the branch. Note also that the nonsymmetrical equilibria shown in
Figs. 3 and 5b are not allowed, even with the a limiter disengaged,
because for a > 30 deg the ASPS prevents any buildup of yaw rate.

In Fig. 13, the thrust level d T is the continuation parameter. In
the absence of the a limiter, this case was considered to identify
a possible maneuver to recover from the deep stall. As the thrust
is increased, the aircraft pitches up, the symmetric equilibrium be-
comes unstable, and the state is attracted by a lateral roll condition
at decreasingangleof attack.Finally,Fig. 14 shows an attemptedre-
covery, based on the precedingdiscussion.The governingequations

were numerically integrated by a fourth-order Runge–Kutta algo-
rithm, with constant step size D t D 1/ 32 s. At the initial time, the
F-16 has Ve D 53 m s¡1 and a e D 58 deg. After maximum thrust is
applied, the pitch angle increases, and at t D 45 s, the state jumps
into a nonsymmetrical � ight condition at a roll angle v D 70 deg.
Then, both a and v decrease, and at t D 60 s, a longitudinal com-
mand is effective in further reducing the angle of attack to a valueas
low as 20 deg, whereas a lateral command drives the aircraft back
into symmetric � ight.

IV. Conclusion
The application of bifurcation theory to the analysis of highly

augmented aircraft models presents several aspects of interest. The
SCAS tailors the dynamic behavior of the vehicle to a great extent,
particularly when the basic, unaugmented model possesses a nega-
tive static stability. The techniquemaintains its effectiveness in this
kind of application, allowing for an ef� cient analysis and charac-
terizationof the complete, high-orderdifferentialsystem associated
to the SCAS on aircraft model. The presented results show that the
dynamical characteristicsrelated to the handling qualities of an air-
craft featuring, to a certain extent, superaugmentationare correctly
reproduced and identi� ed.

On the other hand, the complete structure of the equilibrium so-
lutions of the system cannot be revealed because the aerodynamic
control angles are dynamical states that vary in a rather complex
manner as a function of the control forces for each of the SCAS
modes of operation. Also, in most steady � ight situations, no trim-
ming is required and this, again, limits the available information, in
terms of stability characterizationof as many equilibrium points as
possible, when entire branches of steady states are associated to a
zero value of the control force.
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